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You may attempt ALL the questions 1-12 in Part I. Record your answers 
on the examination paper as indicated at the beginning of Part I. 


In Part II of the examination, you may attempt up to FIVE questions, of 
which not more than THREE are to be chosen from Section A, and not 
more than THREE are to be from Section B. 


At the end of the examination, attach the examination paper for Part I 
to the answer book(s) in which you have answered questions to Part II. 
Remember to write your name, student number and examination number 
on both Part I and the answer book(s)—failure to do so will mean that your 
paper cannot be identified. 


We suggest that you spend not more than one hour on Part I, leaving at 
least two hours for Part II. 


Note: In the actual examination the number of questions in Part I of 
the paper will be reduced to TEN and we will recommend you to spend 
only ł hour on Part I, leaving at least 2} hours for Part II. 
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PART II 


Instructions 


(i) You should answer not more than FIVE questions in all from this 
part of the examination: not more than THREE questions from 
Section A, and not more than THREE questions from Section B. 


(ii) You may answer questions in any order, writing your answers in the 
answer book(s) provided. 


(iii) All questions in this part carry equal marks and errors are NOT 
penalized by negative marks. 


(iv) All working MUST be shown. Cross out any working that you do not 
wish the examiner to mark. 
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Section A 


Answer not more than THREE questions from this section. 


Question 1 
(i) Evaluate 
1 
f x 2x exp (1 + x?) 
o 


(ii) Hence or otherwise, find the volume of the solid of revolution gener- 
ated by rotating the graph of the following function about the x-axis. 


x? 
xı x% exp (: ka ) (x e [0, 1]) 
Question 2 
Find all the stationary points of the function 
F:(x, y) x?y + 3xy? + xy ((x, y) € R?) 


Question 3 


(i) Show that if Q, is a particular solution of the differential equation 


Q"(t) + 40() = F(t) (te R) 
and Q, is a particular solution of the differential equation 
Q") + 40(1) = F(t) (te R) 
then Q, + Q, is a particular solution of the differential equation 
QO") + 40(t) = Ft) + F(t) (te R) 
(ii) Find a particular solution of the differential equation 
Q(t) + 4Q0(t) = sin t + exp (2t) (te R) 


Question 4 


(i) Write down the Maclaurin Series for the function 
Six č sin x (xe R) 
including the general term. 


(ii) Use Taylor’s Theorem to show that the Maclaurin approximations to 
e sin x converge to the true value of e* sin x for all xe R. 


Question 5 


Write a Basic program, OR draw a flow-chart for such a program, which 
will accept as input any positive integer N, and print out the set of all pairs 
of positive integers P, Q such that N = PS, 
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Question 6 


A man contributes to the Ruined Gamblers’ Benevolent Fund on the 
following basis. 


Every Monday he throws a fair die. If it shows an odd number, he con- 
tributes nothing. If it shows 2, 4 or 6, he contributes £2, £4 or 
£6 respectively. 


(i) Find the expectation of his weekly contribution. 


(ii) Find the probability distribution of X, where X is the amount he 
contributes in a fortnight. 


Sing i a 
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Section B 
Answer not more than THREE questions from this section. 


Question 7 


Discuss, with the help of a simple proof or counter-example as appropriate, 
whether the complex function 


ze (zeC,z# i) 


Fei 
is compatible with 
(i) addition on C, 
Gi) multiplication on C. 


In the case(s) where there is compatibility, find the induced binary 
operation. 


Question 8 
Let o be the following binary operation on Z. 
xoymx+y—3 (x, yeZ) 
(i) Show that (Z, o) is a group. 
(ii) Find a proper subgroup of (Z, o). 


(Remember, the subgroup consisting of the identity element only, is 
not a proper subgroup.) 


Question 9 


Find the kernel and image space of the following morphism from R? to R°, 
and state their dimensions. 


M:(x, y,z)-—+ (x + yy + zx — 2) (œ y, 2) R°) 


Question 10 
Using elementary row operations on the matrix 
“rrea 
110.01 Oj, 
Al 00.001 


or otherwise, find the inverse of the matrix 


1 1 1 
1 1 0}. 
100 
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Question 11 


Let p be the following relation on the set F of all real functions. 
Seg if and only if f = g or f =D"(g) for some n e Z* 
where D is the differentiation operator. 
(i) Show that p is reflexive and transitive. 


(ii) By considering polynomial functions, or otherwise, show by counter- 
example that p is not symmetric. 


(iii) By considering trigonometric functions, or otherwise, show by 
counter-example that p is not anti-symmetric. 


Question 12 
Consider the recurrence formula 
Uy = Stuy, — Ouy-2 (k > 3). 
(i) Prove by induction on k that, if 


u, = 2u, 
then B 
Uy = Quy (k > 2). 
(ii) Prove by induction on k that, if 
u, = 3u, (k > 2) 
then 
u, = 3uy_; (k > 2). 


(iii) m and n are positive integers, and exactly one of the following 
propositions is false. 


pin=2 
q: m= 3 : 
r:mn>5 


Prove that mn > 7. 
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